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Let A be an ideal of Z[λ q ]. We define three congruence subgroups of H q as follows.
H 0 (q, A) = {(a ij ) ∈ H q : a 21 ∈ A}, (1.2) H 1 (q, A) = {(a ij ) ∈ H q : a 11 − 1, a 22 − 1, a 21 ∈ A}, (1.3) H(q, A) = {(a ij ) ∈ H q : a 11 − 1, a 22 − 1, a 12 , a 21 ∈ A}.
(1.4) Let Z = ±I . The (inhomogeneous) Hecke group and its congruence subgroups are defined as G q = H q /Z, G 0 (q, A) = H 0 (q, A)/Z, G 1 (q, A) = H 1 (q, A)Z/Z, and G(q, A) = H(q, A)Z/Z. It is clear from the above that G q ⊂ P SL(2, Z[λ q ]) but unlike the case q = 3 (the modular group), the inclusion is strict and the index infinite as G q is discrete whereas P SL(2, Z[λ q ]) is not for q ≥ 4. As P SL(2, R) is the group of orientation-preserving isometries of the upper half plane with the point at infinity H with hyperbolic metric, G q can be thought of as the holonomy group of a hyperbolic orbifold. Indeed, G q is a (2, q, ∞) triangle group and G q \H is just the orbifold obtained by gluing two (2, q, ∞) triangles along their respective edges. It is also known that G 5 is a Veech group of index 5 ( [HS] ).
In [LLT1] , an algorithm was given to find fundamental domains and independent generators for these congruence subgroups and in [CLLT] an explicit formula for the index of G 0 (5, A) in G 5 was given. The computation depends crucially on a result of Leutbecher [L1, L2] which states that the set of cusps of G 5 is the whole of Q(λ 5 ) ∪ {∞}. The indices of the principal congruence subgroups of prime level of G q can be found in [LLT2] . In the cases of G 4 and G 6 , both groups are commensurable to the modular group P SL(2, Z), and the elements of the groups are completely known. The indices of the congruence subgroups of G 4 and G 6 are relatively easy to compute [P] . To the best of our knowledge, these are the only known explicit formulae. The present article is a continuation of [LLT2] and is devoted to the determination of the index of [H 5 : H(5, A)]. In particular, we have if gcd (N (π), 6) = 1, then
The remaining of this article is organised as follows. In Section 2, we give results related to SL(2, Z[λ q ]). Section 3 is devoted to the study of the geometric aspects of G q . In particular, we give a set of independent generators for G(5, 2) (Lemma 3.2) which will be used in the determination of the index [G(5, 2) : G( Let q ≥ 3 be a prime. For A an ideal of Z[λ q ], we may also define the principal congruence subgroup L(q, A) of L q = SL(2, Z[λ q ]) analogously. The formula for the index of the principal congruence subgroup in L q is easily calculated as the modular group case (see [Sh] 1) where N (A) denotes the absolute norm of A in Z[λ q ] and the product is over the set of all prime ideals P that divide A.
Geometric invariants
In [K] , Kulkarni applied a combination of geometric and arithmetic methods to show that one can produce a set of independent generators in the sense of Rademacher for the congruence subgroups of the modular group, in fact for all subgroups of finite indices. His method can be generalised to all subgroups of finite indices of the Hecke groups G q , where q is a prime. See [LLT1] for detail (Propositions 8-10 and section 3 of [LLT1] ). In short, for each subgroup V of finite index of G q , one can associate to V a set of Hecke-Farey symbols (HFS) {−∞, x 0 , x 1 , · · · , x n , ∞}, a special polygon (fundamental domain) Φ, and an additional structure on each consecutive pair of x i 's of the three types described below :
where a is a nature number. Each nature number a occurs exactly twice or not at all. Similar to the modular group, the actual values of the a's is unimportant: it is the pairing induced on the consecutive pairs that matters.
(i) The side pairing • is an elliptic element of order 2 that pairs the even line (x i , x i+1 ) with itself. The trace of such an element is 0. (ii) The side pairing • is an elliptic element of order q that pairs the odd line (x i , x i+1 ).
The absolute value of the trace of such an element is λ q . (iii) The two sides with the label a are paired together by an element of infinite order. 
(3.1) Discussion 3.1. Note that the width of each cusp x can also be determined by investigating the special polygon Φ. It is the number of even lines of Φ coming into x. The vertices of the Hecke-Farey symbols can be obtained by applying Lemma 3 of [LLT1] and the side pairings in (i)-(iii) of the above can be obtained by Propositions 8-10 of [LLT1] . We shall give in the following a set of independent generators of G(5, 2) which will be useful for Subsection 5.3 and future study. Lemma 3.2. The principal congruence subgroup G(5, 2) has index 10 in G 5 . A set of independent generators is given by
The following is a set of Hecke-Farey symbols of G(5, 2).
Our lemma now follows by direct calculation. Note that sets of independent generators of G 0 (5, 2) and G 0 (5, 2 + λ) can be found in Examples 2 and 3 of [LLT1] .
In this section, we investigate the index formula for the principal congruence subgroup (1.4) and prove that the index formula is multiplicative (Lemma 4.1). Note that the index formula for the inhomogeneous Hecke group G q is not multiplicative (see Appendix A).
Lemma 4.1. Suppose q ≥ 3 is odd. Let τ , π ∈ Z[λ q ] and let a and b be the smallest positive rational integers in the ideals (τ ) and (π) respectively. Suppose that gcd (a, b) = 1. Then
Since gcd (a, b) = 1, there exists m, n ∈ Z such that am + bn = 1. As a consequence, we have
Since H q is generated by S and T , every element in H q is a word w(S, T ). Since T ∈ K, SK = KS (K is normal), w(S, T )K is S i K for some i (S has order 4 in H q ). Hence the index of K in H q is either 1, 2 or 4. This implies that (ST ) 4 ∈ K. Since the order of ST is q and q is odd, we conclude that ST ∈ K. It follows that ST, T ∈ K. As a consequence, S ∈ K. Hence K = H q . The lemma now can be proved by Second Isomorphism Theorem and the fact H(q, π) ∩ H(q, τ ) = H(q, πτ ). . Note that the case n = 0 has been studied in [LLT2] . Our approach is arithmetic and geometric and the geometric aspect (Section 3) of G 5 is essential. We will first prove that the group H(5, τ n )/H(5, τ n+1 ) is an elementary abelian p-group for n ≥ 1.
Proposition 5.1. Let τ ∈ Z[λ] be a prime and let p be the rational prime below (τ ). Then H(5, τ n )/H(5, τ n+1 ) is an elementary abelian p-group.
Proof. Let A, B ∈ H(5, τ n ). It follows that
This completes the proof of the proposition.
Let p be the smallest positive rational integer in (τ ). In order to determine the index
, we note first that an upper bound for d can be found by applying (2.1). It is
We will show in the subsections that these upper bounds are actually the indices d except for H(5, 2)/H(5, 4) (see Subsection 5.3). We shall first define the following matrices.
Note that the matrices in (5.2) are members of H(q, m) for all q, m as we did not use λ ∈ H 5 ), the stabiliser of a/c is given by XT n X −1 : n ∈ Z ⊂ H 5 . As a consequence, one has
Let J = 0 1 1 0 . It is clear that J ∈ Aut H(5, m). As a consequence, the following holds.
5.1. Suppose that p ≡ ±1 (mod 10). It is well known that p = τ π and N (τ ) = p. By (5.1), one has [H(5, τ n ) :
One can check easily that Ω ⊂ H(5, τ n ) generates a subgroup of order p 3 modulo H(5, τ n+1 ) for all n ≥ 1. As a consequence, we have
5.2. Suppose that p = 3. Suppose further that p ≡ ±3 (mod 10). It follows that (τ ) = (p) and N (π) = N (p) = p 2 . Without loss of generality, we shall assume that τ = p.
A Sylow p subgroup of P SL(2, F ) is generated by
modulo G(5, p). Note that A 1 is actually in H 5 and that the pre-image of U in H 5 takes the form
Since p = 2, 3, one can show easily by induction that U p n ∈ H(5, p n ) − H(5, p n+1 ) takes the following simple form.
The matrices in Ω modulo H(5, p n+1 ) are given as follows which generate an abelian group of order p 6 modulo p n+1 (see Appendix B).
( 5.10) 5.3. We now study the case p = 2. Note that 2 is a prime in Z[λ]. We shall first determine the index [G(5, 2) : G(5, 4)]. Applying Lemma 3.2, a set of independent generators of G(5, 2) is given by
Since Ω 2 generates G(5, 2), we may apply Proposition 5.1 and conclude that G(5, 2)/G(5, 4) is elementary abelian of order 2 4 . Since −I ∈ H(5, 2)− H(5, 4), one has [H(5, 2) : H(5, 4)] = 2 5 . We now study [H(5, 2 n ) :
Note that A m and B n are the matrices given in (5.2)-(5.4). It is easy to see that (n ≥ 2)
Note that the matrices in Ω modulo H(5, 2 n+1 ) take the following forms for all n ≥ 2.
Similar to Subsection 5.2, one can show that Ω generates a group of order 2 6 modulo 2 n+1 . By (5.1), [H(5, 2 n ) : H(5, 2 n+1 )] = 2 6 for all n ≥ 2. In summary,
(5.14)
5.4. p = 3 case. We note first that 3 ∈ Z[λ] is a prime. Applying our results in [LLT1] (1/2λ, λ/(2λ + 1)) and (λ + 2)/(2λ + 1), λ/λ) are even lines (see Remark 5.2). The side pairing that pairs the even lines (1/2λ, λ/(2λ + 1)) and ((λ + 2)/(2λ + 1), λ/λ) is given by
(mod 9). Similar to (5.12), we define E 3 n (n ≥ 1) as follows.
The set Ω (modulo 3 n+1 ) is given by the following. (1/2λ, λ/(2λ + 1)) and (λ + 2)/(2λ + 1), λ/λ) are even lines of a special polygon (fundamental domain) of G 1 (5, 3) . See Section 3 of [LLT1] for more detail.
5.5. p = 5, τ = λ + 2. The case p = 5 is slightly different as 5 = (λ + 2) 2 λ −2 ramified totally in Z [λ] . We shall first determine the order of H(5, 5 n )/H(5, 5 n+1 ). The reduced form of 2/5λ is 2λ 2 /5λ 3 (Table 1 of [L] ). Let m = 5 n ≥ 5. Applying (5.3), one has
Note that λ 2 = λ + 1. Let r ∈ N be chosen such that −3r ≡ 1 (mod 5 n+1 ). It follows easily that
Similar to Subsection 5.2, one can show that the above matrices generate an abelian group of order 2 6 modulo 5 n+1 . Hence [H(5, 5 n ) : H(5, 5 n+1 )] = 5 6 for all n ≥ 2. Applying (2.1), 
Note that we may assume that 0 ≤ c i ≤ p − 1. Similar to (B3), elements in M take the form
Suppose that Z 
